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Abstract— In this paper  I consider  the  model on the Cayley tree of order 3k . Assume that spin takes its values in the set 

{1,2,3}. I calculate energy of all unit balls and  colletions assume of minimum value energies of  unit balls and I describe periodic 

ground states for the considered model. 

Index Terms—Cayley tree,  model, configuration, group, quotient group, periodic configuration, ground state, periodic  

ground state. 

 

——————————      —————————— 

1 INTRODUCTION                                                                     

he phase diagram of Gibbs measures for a Hamiltonian is close 

to the phase diagram of isolated (stable) ground states of this 

Hamiltonian. At low temperatures, a periodic ground state 

corresponds to a periodic Gibbs measure, see [1, 5]. The 

problem naturally arises on description of periodic ground states[1-

11].  

      For the  model on the Cayley tree of order two, periodic 

ground states were studied in [2]. 

      In this paper  I consider  periodic ground states  for the 

 model on the Cayley tree of order 3k .  

 

2    PRELIMINARIES 

Detailed submission guidelines can be found on the author 

resources Let  1),,(= kLVk  be a Cayley tree of order k , 

i.e., an infinite tree such that exactly 1k  edges are incident to 

each vertex. Here V  is the set of vertices and L  is the set of edges 

of .k  Let kG  denote the free product of 1k  cyclic groups 

 iae,  of order 2 with generators 121 ...,,, kaaa , i.e., let 

eai 2
. There exists a one-to-one correspondence between the set 

V  of vertices of the Cayley tree of order k  and the group kG , see 

[1].  

For each ,kGx  let )(1 xS  denote the set of all 

neighbors of x , i.e., }>,:<{=)(1 LyxGyxS k  . The set 

)(\)(1 xSxS  is a singleton. Let 


x  denote the (unique) element 

of this set. 

Assume that spin takes its values in the set 

}{1,2,...,= q , 2q . By a configuration   on V  we mean 

a function taking  )(: xVx  . The set of all 

configurations coincides with the set . 

Consider the quotient group },...,{=/ 1
*

rkk HHGG , 

where  
*

kG  is a normal subgroup of index r  with 1r . 

 

Definition 2.1. A configuration )(x  is said to be 

*

kG periodic if ix  )(  for all kGx  with iHx . A 

T 

V =
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kG periodic configuration is said to be translation invariant.  

By period of a periodic configuration we mean the index of 

the corresponding normal subgroup. 

The Hamiltonian of the  model [2] has a form,  

           

         . (1) 

 

 

In what follows, we restrict ourself  to the case 

 3,2,1Ф  and  3k , and for the sake simplicity, we consider 

the following function: 

 

 

 

  

             (2) 

 

where Rcba ,, . 

 

3    GROUND STATES 

 

Let M  be the set of unit balls with vertices in V , i.e. 

 VxxSxM  ),(, 1 . We call the restriction of a 

configuration   to the ball Mb  a bounded configuration b .  

We define the energy of the configuration  b  on b  as 

follows 

 

   (3) 

 

 

 

The following lemma can prove easily. 

 

Lemma 3.1. For any configuration b , we have   

 

 ,1...,,0,1=1,...,,0,1=:)( , iknkiUU nib   

 

where  

 

 

 (4) 

 

 

Definition 3.1. A configuration   is called a ground state 

for the Hamiltonian H , if  

      

 

 

for any Mb . 

We denote                                                       and  

 

 

  (5) 

 

   In this condition 3k   from (4) and (5) we obtain following: 

 

     ,3
,,

3
,,0,0 bacRcbaabcRcbaA   

 

  ,3
,,,0...3,02,01,0 acbRcbakAAAA   

 

     ,3
,,

3
,,1,0 cabRcbaacbRcbakA 

 

  ,3
,,0,...0,20,1 bcaRcbakAAA   

 

 ...1,21,1...2,11,1 AkAAA  
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  ,3
,,1,1...2,2 cbaRcbakAkA   

 

  ,3
,,1,...2,31,2,1 cbaRcbakAkAkAkA   

 

     ,3
,,

3
,,0,1 bcaRcbacbaRcbakA 

 

and                              .  

 

 

Let                                          ,  

 

 

 

where )(xwj - is the number of  letters ja  in the word .x  It is 

obvious, that AH  is a normal subgroup of index two. Let 

}\,{=/ AkAAk HGHHG  be the quotient group. We set 

AkA HGHHH \=,= 10 .  

 

4     RESULT. PERIODIC GROUND STATES 

 

AH  periodic configurations has the following form 

ix  )( , if 1 iHx , and 21, Ф,  ii . 

 

Theorem 4.1. Let 3k  and 1A . If 

021  , then suitable configurations   in collection 

0,0A  are AH periodic ground states; if 121  , then 

suitable configurations   in collection 1,0A  are AH periodic 

ground states; if 221  , then suitable configurations   in 

collection 0,1A  are AH periodic ground states. 

 

Proof. Let us consider the following configuration 

 

 

               

 

 

where Фi . Then .0,0Cb   Hence,   0,0,, Acba  , so  

in collection 0,0A  periodic  configuration )(x  is 

AH periodic ground state;  

Let us consider the following configuration 

 

 

                 

 

 

where Ф,,1  jiji . The folowing cases happen: 

Let .0Hcb   Then icbb =)( , kBi |=| , 1|=| jB , hence  

0,1Cb  . 

Let .1Hcb   Then jcbb =)( , 1|=| iB , kB j |=| , hence 

0,1Cb  . 

So in collection 0,1A  periodic  configuration )(x  is 

AH periodic ground state; 

Let us consider the following configuration 

 

 

                     

 

 

where Ф,,2  jiji . The folowing cases happen: 

Let .0Hcb   Then icbb =)( , kBi |=| , 1|=| jB , hence 
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1,0Cb  . 

Let .1Hcb   Then jcbb =)( , 1|=| iB , kB j |=| , hence 

1,0Cb  . 

So in collection 1,0A  periodic  configuration )(x  is 

AH periodic ground state.  

Theorem has been proved. 

 

5      CONCLUSION 

 In this paper  I considered  the  model on the Cayley tree of 

order 3k . Assumed that spin takes its values in the set {1,2,3}. 

I calculated energy of all unit balls and  colletions assume of 

minimum value energies of  unit balls and I described periodic 

ground states for the considered model. 
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